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Simulation of Magnetrons and Crossed-Field
Amplifiers

GEORGE E. DOMBROWSKI

Abstract—This paper describes a computer program for simulation
of the magnetron oscillator and crossed-field amplifiers. Emphasis is
placed on accuracy and efficient computation with moderate numbers
of electrons and moderately large time steps. Distinctive features are
1) space-charge field evaluation by Buneman’s cycle reduction method
and separate treatment of electrons near the cathode; 2) circuit field
and electronic induction calculation by use of a Ramo (Green’s) func-
tion, accounting for space-harmenics; 3) calculation of RF network re-
ponse by means of Green’s functions; 4) predictor/corrector evaluation
of average RF signals; and 5) use of fifth-degree power series calcula-
tion of electron trajectories. The simulation is illustrated in the start-
ing of oscillations from computer noise.

1. INTRODUCTION

ARLY attempts [1] to apply the self-consistent

method of Hartree to magnetron analysis disclosed the
critical dependence of trajectories on estimated fields and
the converse dependence of fields on trajectories. It proved
virtually impossible to obtain truly self-consistent space-
charge configurations. This peculiarity of crossed-field
interaction proved frustrating even with the advent of
modern computers [2].

To escape this dilemma, Buneman [3] originated a
“‘transience’” calculation in which self-consistency is as-
sured by allowing the electron stream to develop in time
under the influence of an RF rotating wave. The steady
state was successfully attained. This calculation appears
to have been the first simulation of the electron stream in
the oscillating magnetron.

In recognition of this, the author [4] extended the sim-
ulation to the behavior of the RF systems as well, en-
abling analysis of the magnetron oscillator and various am-
plifier configurations. The simulation calculation—as far
as it is feasible—permits the elimination of a host of re-
strictive assumptions. The mode of interaction need not
be presumed. The rotating wave hypothesis, which ig-
nores the effect of the nonsynchronous half of the RF
standing wave, is no longer necessary. Other space har-
monics can be taken into account, as well as the penetra-
tion of electrons into the gaps between anode electrodes.

In recent years the simulation calculation has been im-
proved by the adoption of a new algorithm for solution of
Poisson’s equation and other refinements. Attention has
been given to reduction of computer ‘“noise’’ to allow
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Fig. 1. Schematic diagram of interaction region and RF network.

simulation under the extremely low RF signals of the on-
set of oscillation. The computer coding has also been
made more efficient, allowing use of small computers as
well as larger machines. This simulation program and its
use are described below.

II. FORMULATION

The interaction space is shown in Fig. 1 for this two-
dimensional analysis. In addition to an applied anode-
cathode voltage (which may be pulsed) and an applied
static magnetic field, each of the anode segments may
have an RF voltage by virtue of its connection to an RF
network. The task of the simulation is to evaluate the
electric fields of these sources and of the space-charge
itself, to determine the resulting electronic motion, and to
determine the effects of such motion on the RF network.
Concurrently, cathode emission may take place as deter-
mined by these fields.

ITII. PROGRAM DESCRIPTION

Fig. 2 is a flow chart of the principal portions of the
simulation process. The central column describes com-
putations performed on two data bases, viz., the stream
ensemble and the electrical state of the RF network. Space
does not permit a detailed description; the commentary
presented below merely highlights important considera-
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Fig. 2. Flow chart of the simulation program. Closed arrows show flow of computation; open arrows show data paths.

tions for each of the steps identified by letter (4-G) in
Fig. 2.

A. Space-Charge Fields

At one time the calculation of electron-electron forces
was the most time-consuming portion of the calculation.
Thanks to the speed of the Buneman cyclic reduction al-
gorithm [5] this is no longer so. By assigning the electrons
to cells in a suitably constructed mesh (the number of cells
in each direction is a power of 2), the Poisson equation
with azimuthally periodic boundary is rapidly solved for
the space-charge potential, the gradient of which is the
space-charge field. With careful charge assignment and
gradient evaluation, moreover, the effects of discretiza-
tion can be virtually eliminated.

The cyclic reduction method does not account for
charges in the cells enclosing the cathode or anode, how-
ever. Separate treatment is provided for the charges ad-
jacent to the cathode since they appreciably affect emis-
sion. Nothing is done for electrons adjacent to or beyond
the anode (between anodes) because the space-charge
forces are much smaller than the fields of the RF network.

B. Induced Charge

The charge induced on each anode electrode by the
stream is computed as a first step in determining stream

effect on the RF network. This is done with the aid of a
previously computed Green’s function ¥, (7, 6) arising
from a theorem of Ramo [6].

1 on anode n
Vviy, =0, y,=10onanodesn # n
0 on cathode
qn = — zl: ci (1, 6;).

This ‘‘Ramo function’’ is reciprocally the same func-
tion that yields the space-charge-free potential where the
electron resides, when a unit potential exists at the anode
electrode (and all other anodes have zero potential).

E = =2 0,Y,(r, 6)).

Clearly, the functions for the several anodes are identical
except for translation in azimuth.

Values of this Green’s function are pre-computed on a
fine mesh so that the structural details of the anodes are
preserved. In the simulation process the mesh values are
used for simple rapid interpolation. Thus, both speed and
accuracy are maintained.
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C. Network Response

The induced charge as a function of time is differen-
tiated to obtain the electronically induced network cur-
rents. The response of the RF network to these currents
(and input currents in the amplifier) are calculated.

Green’s functions for the network—response func-
tions—can be used here, too. Elementary analysis of the
linear RF network indicates that 1) the injected current
and the initial conditions v(#,) and u (%) = [° v dt may
be regarded as sources or stimuli; 2) the network state
after a time Ar is the combination of the effects of the
stimuli considered separately; and 3) linearity applies to
each stimulus. This is formally stated as

vty + A1) = Z [i.(n") Ri(n, n') + v,(15) Ry(n, n')

+ un’(’O) Ru(n’ n,)]

where i, (n') is the electronically injected current at anode
n’ during the time interval. R;(n, n') is the voltage pro-
duced at node n when a unit current is injected at node n';
it is a response function. v,.(f) is the initial RF voltage
atnode n'. R,(n, n') is the response function equal to the
voltage at n when there is an initial unit voltage at n'.
uy,: (o) is the initial voltage integral [ vdr at node n'. R, (n,
n') is the response function equal to v, (¢, + At) when a
unit initial #(n') exists. The summation over all n’ ac-
counts for all sources.

A similar expression yields u, (#; + At); it involves an-
other set of three response functions.

The calculation of the network response functions is
based on a lumped-element equivalent circuit, as typified
in Fig. 3 for the magnetron (concerning which, see Ap-
pendix A). The currents entering a node consist of the
electronic current i,, the conductive current Gv, the in-
ductive current T'u = I'{v dt, and the capacitive current
Cv' = Cdv/dt. All of these are known but the last; Kir-
choff’s current law can thus be used to evaluate the deriv-
ative v’. In matrix form

cv'=1, -GV -TU
or using the inverse capacitance matrix
Vv'=C'[I, - GV - TU].

The capacitance elements are furthermore modified to ac-
count for conductive and inductive currents that depend
on V' through finite difference approximations

C - C+ G(At/2) + I'(a1)' /6.

The matrix inversion is performed only once; other op-
erations are simply addition and multiplication.

Once V' is determined, integration to obtain V and U at
the end of the time interval is readily performed. To ob-
tain even greater accuracy, the simulation time interval Az
is subdivided into a large number of subintervals Az’ for
the calculation of the response functions. RF networks
having response over a wide frequency range can thus be
handled.
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Fig. 3. General lumped-element network showing connections to the n-th
anode. Conductance elements have been omitted for clarity.

Networks for representation of the magnetron oscillator
and crossed-field amplifiers are discussed in Appendices
A and B.

D. Circuit Field Component

As indicated above, the anode Green’s function y is
used to determine this field by interpolation from poten-
tials. This is the most time-consuming part of the simu-
lation, since it must be done for several hundred electrons
for each of several anodes. For efficient computation the
field is computed at the same time that the induced charge
is reckoned.

The applicable RF anode potentials are the average val-
ues in the interval Ar. These values are not known at the
start of the interval and must be estimated in advance.
Largely because of the high precision of Buneman’s cyclic
reduction and the trajectory calculation algorithm de-
scribed below, the error in estimating the average RF
field—depending on the RF level—is often the greatest
residual error in the simulation process. Minimization of
this error allows use of relatively large time steps and thus
greater computational economy. Subsequent correction is
made to the RF potentials at the end of the time inverval,
but this comes too late to correct the error in the fields
used for trajectory calculation. Nevertheless, this error as
monitored during the calculation is a small one; it is far
less than involved in simpler schemes.

The space-charge and circuit components of field are
added to obtain the total field. This field is strongly de-
pendent on the electron’s location. If the electron moves
closer to the anode, the RF fields increase and the space-
charge fields vary considerably, whether increasing or de-
creasing. For this reason the average fields during the time
step are modified by extrapolation from the prior fields.
This modification has been found useful by energy bal-
ance checks.

E. Trajectory Calculation

The electron motion is calculated by means of an anal-
ysis based on the following hypothetical steps.

1) A Cartesian coordinate system is centered at the ini-
tial electron location and aligned with the radial and azi-
muthal directions.

2) The coordinates and velocities in this system are ex-
panded in power series in the cyclotron time w,?.
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3) The field vector is assumed to rotate with azimuth
along the trajectory.

4) The power series coefficients are required to satisfy
the equations of motion in this Cartesian system.

5) The electron position and velocity at the end of the
time step are restored to the cylindrical system.

This procedure, used with fifth-degree power series,
yields excellent accuracy when the cyclotron-time inter-
val is less than a radian. The calculation can be applied
iteratively for subintervals if necessary to meet this re-
quirement. It has successfully been tested in the solid-
anode diode for circular orbit conditions and for a single
electron emitted under Hull cutoff conditions. The energy
balance is typically better than 1 part in 10*.

Interception at the cathode and anode is reckoned as
part of the trajectory computation. Intercepted electrons
are removed from the stream. In the case of anode elec-
trons, this removal would result in a sudden decrease of
induced anode charge and a corresponding pulse of anode
current, neither of which has physical reality. This is
avoided by assigning the intercepted charge to g, the col-
lected charge, and using as the electronic current the
change in the combined induced and collected charges

i, =d(q; + q.)/dt.

F. Emission

At each of the cathode emitting sites the space-charge
and circuit components of the potential gradient are com-
bined as the total cathode field. If this is a retarding field,
no emission takes place. Otherwise, the charge required
to reduce the field to zero is computed. The emitted charge
is the lesser of this charge and the emission capability of
the cathode segment. This charge is assigned zero emis-
sion velocity and is merged into the stream.

G. Loop to A to Repeat Calculation for the Next Time
Interval with Incremented t,

Display of the stream and various subsidiary calcula-
tions may be performed. These include

1) space-harmonic analysis of RF anode potentials and
induced charge;

2) time-harmonic analysis of anode potentials and
‘charge;

3) energy stored in the RF network; and

4) energy dissipation and RF power output.

IV. TESTING: ENERGY BALANCE

The simulation program is a large one, offering ample
opportunity for error in formulation and coding. Wher-
ever possible, program components have been tested
against instances with known results.

In addition, an energy balance calculation serves as a
check on the validity of the entire simulation calculation
when the results are not known. The energy of the system
is manifest in )
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1) RF network energy, in both capacitive and inductive
elements;
2) electron kinetic energy; and
3) electric field energy in the stream.
Dissipative factors are
4) dissipation in the RF network (including its load)
and
5) electron bombardment of the cathode and anodes.
Energy sources include
6) energy from the dc power supply;
7) in the case of the amplifier, RF input signals; and
8) in the magnetron, any locking signal.

The energy balance requires that any changes in the sys-
tem energy as in items 1-3 must be provided by sources
4-8.

Under low RF conditions the energy balance is typi-
cally within 1 percent. For large signals the imbalance
may be as large as 5 percent in calculations with merely
20 steps per RF cycle. The energy balance would be im-
proved with a smaller time step.

V. CHoic oF COMPUTER

The simulation calculation requires large computer
memory and lengthy computation. This would indicate use
of large ‘‘mainframe’’ high-speed computers. Certainly
for ‘‘production’’ calculations they would be economical.

Small computers are attractive as research tools, how-
ever. Computer memory is now so cheap that size is no
longer a limiting factor; their principal disadvantage is
their lower speed. This is often acceptable in view of the
limited ability of the researcher to assimilate the infor-
mation provided by the computer. On the other hand, the
small computer offers many advantages. It is at the ready
disposal of the user and can in many instances be more
readily used in an interactive manner. Trial calculations
are less expensive. Graphical output can be obtained with
small investment, whereas many mainframe systems do
not provide it.

VI. AN EXAMPLE:
START OF MAGNETRON OSCILLATION

The simulation calculation is demonstrated by starting
oscillation from the noise level of computer truncation/
round-off error in an eight-digit machine. The magnetron
is similar to the 5J26 and the Raytheon QK403. Principal
parameters are

N 8 vanes

r./r, 0.4239 normalized cathode radius

Jo 1 normalized w-mode loaded frequency
o, 200 w-mode loaded Q

B/B, 2.5 scaled magnetic field

Vy/Vo 4.3 scaled dc anode voltage
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Fig. 4. Printer display of electron stream in the illustrative magnetron sim-
ulation at 7 = 25.05.

The RF network is lightly loaded and the magnetic field
is somewhat low. These factors facilitate the buildup of
oscillation so that a small computer may readily show it.
The dc anode voltage is slightly (7.5 percent) higher than
the Hartree voltages V,/V, = 4.

Fig. 4 is a printer display of the electron cloud after the
« mode is well established and steady state is approached.
It suffers from paucity (only 500) of electrons and the lim-
itations of the print medium. Computer graphics and video
tape technology provide much superior diaplay. The dis-
play is in any case limited by the simulation process in
that the ‘‘electrons’” do not have identical amounts of
charge.

Fig. 5 shows the effect of the developing electron cloud
as it induces charge on the anode after sudden application
of the dc anode voltage. The stream at first (7 = 0 to 10)
behaves as in a smooth-anode coaxial diode, its outer limit
oscillating at the cyclotron frequency as modified by
space-charge effects. This is the ‘‘coaxial line’” mode; it
accounts for the initial RF network energy as shown in
Fig. 6. It is seen that the oscillation is a damped one,
leading toward the development of a steady-state azi-
muthally uniform cloud of constant radial extent. During
this period there is no appreciable = mode signal, as
shown in Fig. 7; this shows a satisfying freedom from
noise in the calculation.

After a few RF cycles, the large coaxial mode signal
provides, through computer noise, some azimuthally
varying signals; these are of the order of —150 db relative
to V,; modes with £ = 1 to 3 as well as the 7 mode (k =
4) are present. Subsequently (7 > 10), the = mode is
seen to develop from this noise as the # mode bunching
of the stream takes place. The = mode potential within
the stream is generally higher than the RF anode voltage,
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indicating its inherent instability. The system energy
waveform indicates that the coaxial line mode dies out
while the = mode grows. The = mode clearly becomes
predominant and, at 7 = 18.5, electrons reach the anode.

Fig. 8 plots the electronic conductance as computed
from one-cycle Fourier analysis of the charge waveforms.
There has no validity until the 7 mode is established, at
T > 15. Thereafter it shows rapid increase as the electron
stream forms spokes. Because the RF signal is weak dur-
ing this formative period and because electrons take a long
time to reach the anode, the spokes are wide and heavily
laden with charge. They provide substantial electronic
current (conductance) during the first rush of collected
current (T = 20 to 23). Thereafter the spokes become
depleted and the electronic current (conductance) is re-
duced.

As time further increases (T > 24), the electronic con-
ductance varies more slowly as the RF signal climbs to-
ward steady state. What appears from this is that while
the regime of slowly changing conductance can be con-
sidered as a succession of steady states, this does not ap-
ply during the initial regime (T = 0 to 22).

VII. ConcLusioN

A procedure for numerical simulation of magnetrons
and other crossed-field devices has been described. Fac-
tors affecting accuracy and efficiency of computation have
been discussed. The minimization of computer ‘‘noise’’
allows the simulation under low RF signal levels, as il-
lustrated in a calculation of magnetron starting.

This simulation program has accuracy and incorporates
many details of the anode system of magnetrons and
crossed-field amplifiers that must be considered in their
analysis. The simulation can thus be used for a quantita-
tive understanding of existing devices, to improve their
performance, and to experiment with new configurations.
Results of such studies will be presented in forthcoming
papers. :

APPENDIX
A. Magnetron RF Network

Fig. 3 shows a portion of the reentrant network of a
strapped magnetron having N anodes. The RF potential of
the nth anode in the kth mode varies as exp (j2mkn /N ).

The elements C,, G,, and T', are the only ones active
in the £k = 0 coaxial line mode. They represent energy
stored and dissipated in the ‘‘end spaces’’ between the RF
anodes and the enclosing magnet faces, the anode-cath-
ode space, and electrical coupling via the cathode/heater
connections. These parameters are chosen to reflect the
end-space resonance and its Q. Thus, for a unit k = 0
mode RF voltage the stored energy W, determines the ca-
pacitance parameter

C, = 2W,/N.
The resonance condition is

T, = C,w?
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and the Q requires that
Ga = CawE/QE'

In the 7 mode the energy storage is primarily in the
inter-vane space and the dissipation occurs via coupling
to the RF load. The parameters C,, G,, and I', are deter-
mined so that with C,, G,, and T, they correctly deter-
mine the = mode resonance frequency and Q. The effec-
tive 7 mode parameters being

C,=GC,+C,/4
r,=r,+7T,/4
G, =G, + G,/4

the = mode energy for a unit RF = mode voltage dictates
that

Il

C, =2W,/N
T, = Cow:
G'lf = C‘er‘ll’/Q‘lr'

Lastly, the strap inductance parameter I'. is determined
so that with C,, Cp, T',, and T, the unit cell resonates at
the so-called adjacent mode frequency when the network
phase shift has the corresponding value

C=C,/4 + Cy(1 — cos 6)/2
[ =T,/4 + T,(1 — cos 8)/2 + T.(1 — cos 20)/2

where § = w(1 — 2/N) is the vane-to-vane phase dif-
ference in this mode.

It

B. Amplitron RF Network

The RF network of Fig. 3 applies to the ‘‘Amplitron’’
form of CFA with the removal of reentrance and intro-
duction of matching networks at input and output. Oth-
erwise, analysis proceeds with the assumption of an RF
wave varying along the network as exp (j2wkn /N ).

It can be shown that with such an RF wave each node,
connected to its neighbors by admittances Y,, Y;, and Y,
behaves as though isolated and endowed with the equiv-
alent admittance

Y=1Y, +2Y(1 — cos 6) + 2Y.(1 — cos 26).

The Brillouin diagram can be constructed by assigning the
phase 6 and calculating the frequency of resonance of this
isolated admittance.

As in the magnetron, the § = 0 mode simply requires
resonance of Y,. The low-frequency edge of the pass band
of the network as a high-pass filter is the 7 mode. This
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requires resonance of Y, + 4Y, and is usually lower than
the 6 = 0 band edge.

If the number of anodes N is odd (as is customary), 7
mode amplification is suppressed; RF matching would be
impossible at the band edge, anyway. Amplification rather
occurs when N = 2kw, with k the azimuthal mode num-
ber. Having determined Y, and ¥, from the zero and 7
modes, it simply remains to set the strap inductance pa-
rameter I, for resonance at this value of 6.

The 7 section characteristic admittance of the RF net-
work is

Yo,‘, = (Fc/w) sin 26 + (J.)Cb sin 6.

This is the value of conductances at anodes #1 and N for
match. Capacitances

¢ = [I‘a/""2 - Ca]/2

are also required for match. At anodes #2 and #(N — 1)
the required matching admittances are

G" = (T./2w) sin 26
I =T,[1 — cos 26].
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